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A. The proof of the non-submodularity of σ2
? (A) for some Σ

Proof: Assume for two subsets A ⊆ B ⊆ N and an element c ∈ N\B, we have

ΣAA = [1] ,ΣBB =

[
1 0
0 1

]
,Σ{A,c}{A,c} =

[
1 0
0 1

]
,Σ{B,c}{B,c} =

 1 0 0
0 1 1
0 0 1

 .
Then σ2

? (A) = 1, σ2
? (B) = 1

2 , σ2
? ({A, c}) = 1

2 , and σ2
? ({B, c}) = 1

2 , which means σ2
? ({A, c})−σ2

? (A) ≤
(
σ2
? ({B, c})− σ2

? (B)
)
.

Therefore, there exists at least one Σ such that the resulting risk control set function σ2
?(K) is not submodular.

B. Proof of Eq. (3)

Proof: Since the covariance matrix ΣKK is semi-definite, we can do eigendecomposition of ΣKK as ΣKK = VΛVT ,
where VVT = I and Λ = Diag (λ1, . . . , λK), with λ1 be the largest eigenvalue of ΣKK. Then we have

σ2
?(K)2 =

1

1T
KΣ−1KK1K

=
1

1T
KVΛ−1VT1K

≤ λ1
1T
KVIVT1K

≤ λ1
1T
K1K

≤ λ1 = ‖ΣKK‖2 ≤ ‖ΣKK‖F ≤ ‖ΣK‖F .

C. Proof of the submodularity of ‖ΣK‖F
Proof: Denoting set function F (K) = ‖ΣK‖F , then for all subsets A ⊂ B ⊆ N and c ∈ N\B, we have

F ({A, c})− F (A)− (F ({B, c})− F (B))
=
∥∥Σ{A,c}

∥∥
F
− ‖ΣA‖F −

(∥∥Σ{B,c}∥∥F − ‖ΣB‖F )
=

‖Σc‖2F
‖ΣA‖F +

∥∥Σ{A,c}
∥∥
F

−
‖Σc‖2F

‖ΣB‖F +
∥∥Σ{B,c}∥∥F ≥ 0,

hence F (K) = ‖ΣK‖F is submodular.


